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Abstract 

In association with the Blanford-Znajek mechanism for rotational energy ex- 
traction from Kerr black holes, it is of some interest to explore how much 
of magnetic flux can actually penetrate the horizon at least in idealized sit- 
uations. For completely uncharged Kerr hole case, it has been known for 
some time that the magnetic flux gets entirely expelled when the hole is 
maximally-rotating. In the mean time, it is known that when the rotating 
hole is immersed in an originally uniform magnetic field surrounded by an 
ionized interstellar medium (plasma), which is a more realistic situation, the 
hole accretes certain amount of electric charge. In the present work, it is 
demonstrated that as a result of this accretion charge small enough not to 
disturb the geometry, the magnetic flux through this slightly charged Kerr 
hole depends not only on the hole's angular momentum but on the hole's 
charge as well such that it never vanishes for any value of the hole's angular 
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momentum. 
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I. Introduction 



Among various models attempting to provide a consistent account for the spectrum of 
quasars, radio galaxies or the gamma ray bursters in which strong magnetic field is believed 
to be anchored in the central black hole, perhaps the mechanism proposed by Blanford and 
Znajek [1] might be the most attractive and natural one to theoretical physicists. Despite 
the skepticism generally held by astronomers and majority of astrophysicists, the Blanford- 
Znajek mechanism for the extraction of rotational energy from rotating black holes has 
remained an issue of great interest in theoretical astrophysics community due to its con- 
creteness in formulation and plausibility in operational nature. Being so, there has been 
continuous research activities to ask and answer questions relevant to the environment set 
by the Blanford-Znajek mechanism such as the stationary, axisymmetric magnetosphere in 
which the rotating hole is surrounded by a strong magnetic field and plasma. Among such 
questions, one of the most interesting thought experiments which can be explored in an 
analytic manner at least in idealized situations is the issue of how much of the magnetic 
field can actually penetrate the rotating hole's horizon. Or more precisely, through one half 
of the surface of the horizon as the total flux across the whole horizon should be zero. The 
right answer to this question can indeed be crucial in order for the Blanford-Znajek mecha- 
nism and its generalized versions [2] to work at all as they all rely on the picture in which 
magnetic fields (particularly, their poloidal components) penetrating the hole's horizon and 
the surrounding accretion disk, transmit the rotational energy of the hole to distant rela- 
tivists particles and fields. Interestingly but rather to our dismay, it has been found [3,10] 
that this magnetic flux intersecting the horizon decreases as the angular momentum of the 
hole increases and goes to zero when the hole is maximally rotating. Considering that larger 
amount of rotational energy can be extracted from more rapidly rotating black holes, this 
result, even if we take into account the idealized setup employed, is quite adverse to the op- 
erational aspect of the Blanford-Znajek mechanism. Because of this negative implication of 
the result, there have also been some other works employing more careful treatments to turn 
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the conclusion around and hence save the mechanism. The work performed by Dokuchaev 
[4] employing the Ernst- Wild solution [5] to the coupled Einstein-Maxwell equations belongs 
to this category Starting from the exact Ernst- Wild solution, he showed that the magnetic 
flux through the hole becomes independent of the hole's angular momentum when the hole 
builds up equilibrium (Wald) charge. In the present work, we choose to deal with the issue 
more directly and demonstrate in a transparent manner that in a more realistic situation 
when there are charges around (but small enough not to disturb the background vacuum 
geometry), the magnetic flux penetrating the horizon depends not only on the angular mo- 
mentum but on the amount of charge accreted on the hole as well and can never vanish no 
matter how fast the hole spins. In order to find the electromagnetic field around a rotating 
black hole and hence eventually the magnetic flux through one half of the horizon, we look 
for the solution to the source-free Maxwell equations in the background of the stationary, 
axisymmetric vacuum spacetime, the Kerr geometry. And perhaps the most concise and 
elegant way to obtain this solution which occurs when a stationary, axisymmetric black hole 
is placed in an asymptotically uniform magnetic field would be the simple algorithm sug- 
gested long ago by Wald [6] which is based upon the realization [7] that the Killing vectors 
owned by a given vacuum spacetime generate solutions of source-free Maxwell equations in 
the background of that spacetime. Here, although "vacuum" situation represents the case 
when both the Einstein and Maxwell equations have no source terms, the solution-generating 
method given by Wald actually allows us to construct the solution for the electromagnetic 
test field which occurs when the hole is immersed in an originally uniform magnetic field 
surrounded by plasma (i.e., ionized particles) and hence eventually gets slightly charged via 
accretion. We already announced that we shall consider the case when the charge accreted 
on the hole is small enough not to distort the background Kerr geometry. Certainly, it needs 
to be justified that this is indeed what can actually happen. This will be done at the end 
of section II. Since we shall basically employ this algorithm proposed by Wald, the present 
work can be thought of as having its basis on the "first" approximation of the Einstein- 
Maxwell system in which only the Maxwell equation is being solved in the background of 
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Kerr spacetime assuming that neither the field nor the amount of charge are strong enough 
to distort the background geometry. In this sense, any attempt to deal with the problem 
by directly solving the coupled Einstein-Maxwell equations, such as the work by Dokuchaev 
employing the Ernst- Wild solution to the coupled system, can be regarded as being more 
fundamental although less practical in many respects. Later, we shall notice that our result 
for the expression for the magnetic flux through the hole can indeed be deduced as a leading 
approximation to that appeared in the work by Dokuchaev although it has not been realized 
there. 

II. Solution Generating Method by Wald 

1. Wald field 

From the general properties of Killing fields [7] ; a Killing vector in a vacuum spacetime 
generates a solution of Maxwell's equations in the background of that vacuum spacetime, 
long ago, Wald [6] constructed a stationary, axisymmetric solution of Maxwell's equations 
in Kerr black hole spacetime. To be a little more concrete, Wald's construction is based on 
the following two statements : 

(A) The axial Killing vector ^ = (<9/<90) /1 generates a stationary, axisymmetric test electro- 
magnetic field which asymptotically approaches a uniform magnetic field, has no magnetic 
monopole moment and has charge = 4J , 

F<p = dip 

where u d" denotes the exterior derivative and J is the angular momentum of a Kerr black 
hole. 

(B) The time translational Killing vector^ = (d/dt)^ generates a stationary, axisymmetric 
test electromagnetic field which vanishes asymptotically, has no magnetic monopole moment 
and has charge = —2m, 

where m is the mass of the Kerr hole. 

Equipped with this preparation, we are now interested in obtaining the solution for the 
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electromagnetic test field F which occurs when a stationary, axisymmetric black hole (i.e., 
Kerr hole) is placed in an originally uniform magnetic field of strength B Q aligned along 
the symmetry axis of the black hole. And for now we consider the case when the electric 
charge is absent. Obviously, then the solution can be readily written down by referring to 
the statements (A) and (B) above as follows ; 



F = -B Q 
2 



4J 
-2m 



2 



j/ 2J 
dip H d£ 

m 



(1) 



Then using ; F = ^F^dx^ A dx u , ip = ip^dx^, £ = £ u dx", with 

£m — 9fj,vC = 9^t — 9 ^t, 



(2) 



and for the Kerr metric given in Boyer-Lindquist coordinates [6,14] (or see eq.(61) in Ap- 
pendix A), the solution above can be written in a concrete form as ; 



2ma 
imra 



(r 2 - a 2 cos 2 0)(1 + cos 2 B){dr A dt) 
V 2 - a 2 ) sin# cos 9 (d9 A dt) 



(3) 



+ {2r sin 2 9 + 2ma ' sin ' 'l ^ _ fl 2 cog2 g ^ 1 + cog 2 d)} ( drAd(j)) 



+ {2(r 2 + a 2 ) + 



4mra 2 



Esin 2 #-(r 2 + a 2 )(l + cos 2 #)) 



x sin 9 cos 9} (d9 A d(j>)]. 

2. Wald charge 

We now turn to the issue of charge accretion onto the Kerr black hole immersed in a magnetic 
field surrounded by an ionized interstellar medium ("plasma"). We shall essentially follow 
the argument given in [6] and to do so, we first need to know the physical components of 
electric and magnetic fields. This can be achieved by projecting the Maxwell field tensor 
given above in eq.(3) onto a tetrad frame. An appropriate tetrad frame here is that suggested 
by Carter [6,8] whose physical properties are discussed in detail in the Appendix A. Now 
using the (dual of) Carter's orthonormal tetrad ca = {^o, &2, e 3} [8], 
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e 



(r 2 + a 2 ) d 



+ 



d 



(EA)V2 dt (SA)V2^ 



a sin ^ 9 1 



(4) 



e 3 



+ 



d 



eXd t + eg 



£1/2 ^ 1 £1/2 sin ^ t 

where E = r 2 + a 2 cos 2 # and A = r 2 + a 2 — 2mr with a = J/m being the angular momen- 
tum per unit mass and the Carter tetrad components of the Maxwell field strength can be 
computed as 

ar sin 2 9 ma 



F = B 

+ B 
+ B 
+ B 



E 

aAV2 
E 

rA l/2 

E 
cos 



(r 2 -a 2 cos 2 #)(l + cos 2 fl) 



E 2 

sin cos 9(e 2 A e°) 
sin6»(e 1 A e 3 ) 

(r 2 + a 2)_ 2W (l + cos20) 



(e 1 A e°) 



(5) 



(e 2 Ae 3 ). 



Here, consider particularly the radial component of the electric field (as observed by a local 
observer in this Carter tetrad frame) ; 

ar sin 2 9 ma 



Ef — E\ 
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fin 



{r 2 -a 2 cos 2 #)(l + cos 2 fl) 



E E 2 

which, along the symmetry axis (0 = 0, ir) of the Kerr hole, becomes 

2ma(r 2 — a 2 ) 



Ef(9 = 0, tt) = -B : 



E 2 



Note that £^(0 = 0, it) < for fin > and £^(0 = 0, ir) > for fi < meaning that 
it is radially inward/outward if the hole's axis of rotation and the external magnetic field 
are parallel/ antiparallel. Put differently, this implies that if the spin of the hole and the 
magnetic field are parallel, then positively charged particles on the symmetry axis of the 
hole will be pulled into the hole while if the spin of the hole and the magnetic field are 
antiparallel, negatively charged particles on the symmetry axis of the hole will be pulled into 
the hole. In this manner a rotating black hole will "selectively" accrete charged particles 



until it builds up "equilibrium" net charge. Then the next natural question to ask would be 
; how the equilibrium net charge can be determined. To answer this question, we resort to 
the "injection energy" argument originally due to Carter [8]. Recall first that the energy of 
a charged particle in a stationary spacetime with the time translational isometry generated 
by the Killing field £ M = (d/dty in the presence of a stationary electromagnetic field is given 
by 

with pt 1 = fnu^ — eA^ being the 4-momentum of the charged particle with mass and charge 
m and e respectively. Now if we lower the charged particle down the symmetry axis into 
the Kerr hole, the change in electrostatic energy of the particle will be 

£ final ^initial ^A a ^ \horizon ^A a ^ |oo- (6) 

Now, if < — > it will be energetically favorable for the hole to accrete particles with this 
charge whereas if Se > — > the black hole will accrete particles with opposite charge. In 
either case, the Kerr hole will selectively accrete charges until A^ is changed sufficiently that 
the electrostatic "injection energy" Se is reduced to zero. We are then ready to determine, by 
this injection energy argument due to Carter, what the equilibrium net charge accreted onto 
the hole would be. In the discussion of Wald field given above, we only restricted ourselves 
to the case of solutions to Maxwell equation in the background of uncharged stationary, 
axisymmetric black hole spacetime and it was given by eq.(l). Now we need the solution 
when the stationary, axisymmetric black hole is slightly charged via charge accretion process 
described above. Then according to the statement (B) in the discussion of Wald field given 
earlier, there can be at most one more perturbation of a stationary, axisymmetric vacuum 
black hole which corresponds to adding a charge Q to the hole and it is nothing but to 
linearly superpose the solution (—Q/2m)F^ = (—Q/2m)d£ to the solution given in eq.(l) to 
get 

F=I BoW+ ^]-!^, (7) 



which, in terms of the gauge potental, amounts to 



Then the electrostatic injection energy can be computed as 

Xcr — p A C a I . t«| 

uc. oxtiq,^ \horizon ^-^as |oo 

V m 2m) v 7 

Thus one may conclude that a rotating hole in a uniform magnetic field will accrete charge 
until the gauge potential evolves to a value at which be = yielding the equilibrium net 
charge as Q = 2B J. This amount of charge is called "Wald charge". 

Note that we announced from the beginning that we shall consider the case when the charge 
accreted on the hole is small enough not to distort the background Kerr geometry. Now we 
provide the rationale that this is indeed what can actually happen. To do so, we first assume 
that the typical value of the charge on the hole is the equilibrium Wald charge Q = 2B J 
just described. Then using the fact that J = ma < m 2 , the charge-to- mass ratio of a hole 
has an upper bound 



Q=2Bj±)<2B om = 2(§A (-=LW 
m \mj VIO 15 / \m e J 



where in the last equality we have converted B and m from geometrized units to solar- 
mass units and gauss [17]. Thus for the two typical examples ; (i) the binary system in our 
galaxy with mass ~ 5 ~ 10 m Q in the surrounding magnetic field of strength ~ 10 14 (gauss), 
Q/m ~ 10~ 5 << 1, and (ii) the AGN (active galactic nuclei) with mass ~ 10 6 ~ 10 9 m 
in the magnetic field of strength ~ 10 4 (gauss), Q/m ~ 10~ 7 << 1. As we can see in these 
two cases, the charge-to-mass ratio of the rotating black hole in examples (i) and (ii) are 
small enough not to disturb the geometry itself. Thus we can safely employ the solution- 
generating method suggested by Wald to construct the solution to the Maxwell equations 
when some amounts of charges are around to which we now turn. 

III. Stationary, axisymmetric Maxwell field around a "slightly charged" Kerr 

hole 
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As discussed in the previous subsection 2, the stationary, axisymmetric solution to the 
Maxwell equation in the background of a Kerr hole with charge Q accreted in a originally 
uniform magnetic field can be constructed as 

F = \^ F * ~ + <dL> F < = \ B ° w + |d - db» do) 

Again for the Kerr metric given in Boyer-Lindquist coordinates, the solution above can be 
written as ; 

F = l Bo[ ~ 2 -w^ 2 - ° 2 cos2 mi ~^j )+ cos2 9}{dr A dt) 

_ f^r r 2 _ a 2M _ _Q_^ sin 6 cos 6(d6 A dt) (11) 

+ {2r sin 2 + 2ma ' s 9 m2 V " « 2 cos 2 0)(1 - + cos 2 #)}(dr A #) 
L 2 £>o</ 



+ {2(r 2 + a 2 ) + 



S sin 2 e - (r 2 + a 2 ) (1 - + cos 2 0) 

-DO-' 



S 2 

x sin 6> cos 6>}(d6> A d<j))]. 

Obviously, in order to have some insight into the nature of this solution to the Maxwell equa- 
tions, one may wish to obtain physical components of electric field and magnetic induction. 
And this can only be achieved by projecting the Maxwell field tensor above onto an appro- 
priate tetrad frame as mentioned earlier. To be a little more concrete, in Boyer-Lindquist 
coordinates, one can think of two orthonormal tetrads, first, the familiar Zero- Angular- 
Momentum-Observer (ZAMO) tetrad frame [9] and next, rather unfamiliar Carter tetrad 
frame [8]. The ZAMO tetrad is well-known and widely employed in various anaysis in the 
literature. ZAMO is a fiducial observer following timelike geodesic orthogonal to spacelike 
hypersurfaces. And this implies that its 4- velocity is just the timelike ZAMO tetrad = e$ 
given below in eq.(12). The Carter tetrad, however, seems less known than ZAMO despite 
its physical and technical advantages over ZAMO. Thus we provide some of the basics of 
Carter tetrad in the Appendix A. In the following, we just give the components of Maxwell 
fields projected on these two tetrad frames without getting into the details of the nature of 
the tetrad frames themselves. Upon projecting the Maxwell field tensor components on a 
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given tetrad frame, the physical components of electric and magnetic fields can be read off 
as Ei = F i0 = F^{e?e») and B, = e ijk F^ k /2 = e ijk F^{e^ k )/2, respectively. 
(1) Computation of the ZAMO tetrad components of the Maxwell fields. 

From the dual to the ZAMO tetrad, e A = (eo = e( t ), t\ = e( r ), e 2 = e^), = e^), 

eo = (^) 1/2 (d t + ^%) = eld t + efo, 

e 1 = (^) 1/2 d r = e r 1 d r , (12) 

e 2 = E'^de = e e 2 d , 

- = (§)^ = e 3 ^ 

where A = (r 2 + a 2 ) 2 — a 2 A sin 2 9, we can now read off the ZAMO tetrad components of F^ u 

Fw = F^e^e^ 

= (A ^ 2s2 [2r 2 S 2 sin 2 9 + (r 2 - a 2 cos 2 9){l - + cos 2 £){2mra 2 sin 2 61 - (^M, ] 

= {aI^^ 2 + fl2)s2 + W{s sin2 e ~ (r2 + fl2)(1 " ^7 + cos2 m 

-2^{r 2 -a 2 (l-^)}]sin6?cos0, 
F30 = F^el = 0, (13) 
F 12 = F^el = 0, 
-^13 = F^e^e 1 ^ 

= BoA 1 / 2 ^ [(r 2 + a 2 )rS + a 2 {2r(r 2 - a 2 ) cos 2 9 - (r - m)(r 2 - a 2 cos 2 0)(1 + cos 2 0) 
A 

Q m i 2 2 2 



(r 2 -a 2 cos 2 6*)}], 



^23 = F^el 



B J 

2 ( 

1 COS 



Bo^^Kr 2 + a 2 ){(r 2 - a 2 )(r 2 - a 2 cos 2 9) + 2a 2 r(r - m)(l + cos 2 6*) 

+2a 2 r|^}-a 2 A£sin 2 6>]. 
Bo J 

(II) Computation of the Carter tetrad components of the Maxwell fields. 
From the dual to the Carter tetrad, = (e , ei, e 2 , e 3 ), given earlier in eq.(4), 
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^ /; „ ^ r ar sin 2 9 ma, , 9 9 „ w „ Q 9 „ Nn 

Fio = ^ e i e o = #o[ ^ ^{r 2 - a 2 cos 2 fl)(l - ^ + cos 2 0)], 

aA 1 / 2 

^20 = i^e^eg = 5 o— ^- sin 9 cos 0, 

^30 = F^el = 0, (14) 
F12 = F^eZeZ = 0, 

rA l/2 

F 13 = F^e» = B ^^sm9, 

^ ^ n „ „ cos# r , , 9x 2mra 2 . Q 9 „. , 

F 23 = = fio^[(r 2 + a 2 ) - -^-(1 " + cos e )\- 

Therefore, in the Carter tetrad frame, 

F = B [^f^ ~^(r 2 - a 2 cos 2 9)(1 - + cos 2 ^)](e 1 A e°) 
aA 1 / 2 

+ £ ^^sin#cos#(e 2 A e°) (15) 

Zj 

rA 1 / 2 

+ J B ^^sin6»(e 1 A e 3 ) 

Zj 

+ A)^|V + a 2 ) - ^(1 + cos 2 £)](e 2 A e 3 ). 

As is pointed out in Appendix A, this Carter tetrad components of the Maxwell field tensor 
take much simpler forms than its ZAMO tetrad components given in eq.(13) and hence are 
easier to deal with. 

IV. The magnetic flux across one half of event horizon 

With the asymptotically uniform stationary, axisymmetric magnetic field which is aligned 
with the spin axis of a "slightly charged" Kerr hole given above, we now would like to 
compute the flux of the magnetic field across one half of the surface of the event horizon 
which occurs at points where 

A(r + ) = r 2 + a 2 — 2mr + = or r + = m + Vm 2 — a 2 (16) 

The physical motivation that underlies this study is to have some insight into the question 
of how much of the electromagnetic field can actually penetrate into the hole's horizon - at 
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least in idealized situations. We now begin by considering two vectors lying on the horizon 
which, for instance in the Boyer-Lindquist coordinates, are given by 



dxf = (0, 0, dO, 0), dx% = (0, 0, 0, d<f>). (17) 

Then in terms of the 2nd rank tensor constructed from these two vectors [10], 

da a(3 = ^(dx^dx^ - dx(dx%) (18) 

one now can define the invariant surface element of the horizon as 

ds = (2da a ^) 1 ' 2 \ r+ (19) 
— (geeg^) 1 ^ 2 \ r+ d9d(f) = (r 2 . + a 2 ) sin6d8d<j). 

Next, since the tensor dcr al3 is associated with the invariant surface element of any (not 
necessarily closed) 2-surface, the flux of electric field and magnetic field across any 2-surfaces 
can be given respectively by 

*e = J F^do* = J ^ S F lS da^, 

$b= [ F aP da°^. (20) 



In particular, the flux of magnetic field across one half of the horizon of Kerr hole is 

f 27T f-TT/2 

F aP da ap = \ 
Then using Fq^ evaluated on the horizon 



®b = / F aP da aP = d<j> dBF H | r+ . (21) 

Jr=r+ JO JO 



and the result of integration 



we finally get 



f 2n r w / 2 sin 6 cos 6 _ 7r 

Jo H (r 2 + + a 2 cos 2 6) 2 = r 2 + (r 2 + + a 2 ) { } 



<&b = Bo<(1 + £)[l-£(l-^)]. (24) 
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Note that thus far we assumed the case when the spin of the hole and the magnetic field 
are parallel (i.e., B > for J > 0) and hence the positively charged particles (Q > 0) 
are being accreted on the hole via Carter's injection energy argument discussed in sect. II 
Namely, in calculating the magnetic flux we started with the expression for the solution 
F = (B /2)[dil> + (2J/m)d£] — (Q/2m)d£ given earlier. If, instead, we consider the other case 
when the hole's rotation axis and the magnetic field are antiparallel (i.e., B < for J > 0), 
the negatively charged particles (Q < 0) would be accreted on the hole and thus this time we 
should start with the solution F = (—B /2)[d^ + (2J/m)d£\ + (Q/2m)d£ s which has overall 
sign just opposite to that in parallel/positive charge case. In other words, B and Q always 
have the same sign. This indicates that if we started out with the antiparallel/ negative 
charge case, we would end up with the expression for the magnetic flux having opposite 
overall sign to that in eq.(24) above. Therefore, the general expression for the magnitude of 
the magnetic field should take the form 

^ = 1^(1 + ^)11-^(1-^)] (25) 

where now $b is to be understood as denoting the absolute value of the flux. Indeed this 
expression for the magnetic flux through the slightly charged Kerr hole is a new result that 
has never been realized in the literature and as such needs close analysis in some more detail. 

(i) In the absence of the accretion charge, i.e., Q = 0, the magnetic flux above correctly 
reduces to that obtained long ago by King, Lasota and Kundt [3] , 

*% LK = |3oK(l - ^ ). (26) 

r + 

(ii) With the nonvanishing accretion charge having value in the range < \Q\ < 2|£? |J, 
the total magnetic flux through the hole can never go to zero. And this property holds true 
even when the hole is maximally- rotating, i.e., a — > m, r + — > m in which case the total flux 
becomes 

$ B = 2|SbK(JM-) = 2<(§) = 2n\Q\, (27) 
| Jdq i J m 
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which, interestingly, is independent of m, J and -Bo and has dependence only on the hole's 
charge Q. Actually, this is the point of central importance we would like to make in the 
present work. The physical interpretation of this characteristic can be briefly stated as 
follows. When the spin of the hole and the asymtotically uniform magnetic field are parallel 
(antiparallel), the hole selectively accretes positive (negative) charges as we have discussed 
in the earlier section following the injection energy argument proposed by Carter and they, 
in turn, generates magnetic fields additive to the existing ones. Thus unlike the uncharged 
Kerr hole case, the magnetic flux through a slightly charged Kerr hole can never go zero. 
This effect manifests itself in a particularly interesting manner when the accreted charge 
reaches its maximum value, the Wald charge. 

(iii) For the Wald charge value, \Q\ = 2\B \J, 

a 2 

$ B = \B \nr 2 + (1 + — f = \B \4nm 2 (28) 
r + 

which is exactly the standard flux across a Schwarzschild black hole. This point is particu- 
larly interesting since the Wald charge, i.e., the amount of equilibrium net charge accreted on 
a Kerr hole restores the magnetic flux to the value precisely the same as that of a uncharged, 
nonrotating Schwarzschild hole. This point also has been noticed in the work by Dokuchaev 
[4] and more recently by Putten [11]. Particularly in Dokuchaev's work, it is just this point 
that led him to conclude that the magnetic flux through the hole becomes independent of 
the hole's angular momentum when the hole has the equilibrium Wald charge. 

(iv) It is also interesting to note that our result for the magnetic flux through the slightly- 
charged Kerr hole given in eq.(24) above can indeed be derived as the leading approximation 
to the result obtained from the analysis [4] based on the exact Ernst- Wild solution [5] to 
the coupled Einstein-Maxwell equations, although it was not realized there in the work by 
Dokuchaev. 

V. The magnetic flux through a Kerr hole in an oblique configuration case 

Thus far we have considered the case with symmetric geometry in which the stationary, 
axisymmetric magnetic field is precisely aligned with Kerr hole's axis of rotation. It would, 
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however, be of some interest to explore more general case when the asymptotically uniform, 
stationary magnetic field happens to be "oblique", i.e., aligned at some angle to the hole's 
axis of rotation. Then of course the natural question to be addressed is to see how much of 
such fields actually can penetrate the horizon and we now turn to this issue. 
Indeed the case of uncharged Kerr hole has been studied long ago by Bicak and Janis and 
hence in this section, we would like to explore what happens when the Kerr hole is again 
"slightly charged", i.e., Q ^ 0, along the same line of analysis as employed in the previous 
section. We now statrt with the solution given by Bicak and Janis [10]. The electromagnetic 
field which is generated when an uncharged Kerr hole is placed in an originally uniform 
magnetic field, the direction of which does not coincide with the hole's axis of rotation has 
been given by Bicak and Janis and will here be denoted by F BJ and A BJ for the Maxwell 
field strength and the associated gauge potential respectively. They are given in Appendix 
B. And in their solution, it is assumed that asymptotically, the field is decomposed into 
two components, B and Bi, B being in the direction of the z-axis (i.e., the hole's rotation 
axis) and Bi being chosen to lie, without loss of generality, along the x-axis. Next, since 
the source-free Maxwell equation is a linear differential equation, it would admit any linear 
combination of particular solutions as another solution. Once again, therefore, we invoke the 
solution generating method due to Wald. In particular, in order to construct the solution in 
the presence of some charge, we recall that ; according to the statement (B) in the discussion 
of Wald field given earlier, there can be one more perturbation of a stationary, axisymmetric 
vacuum black hole which corresponds to adding a charge Q to the hole and it is nothing 
but to linearly superpose the solution (—Q/2m)F^ = (—Q/2m)d^ to the existing solution. 
Evidently, therefore, 



constitutes a legitimate solution of Maxwell equations representing the electromagnetic field 
around a slightly charged Kerr hole with charge Q which is asymptotically uniform but is 
not aligned with the hole's axis of rotation. In fact, this seems to be the only way available 
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to construct the solution in the presence of some charge and it is worthy of note that since 
the particular solution being added, (—Q/2m)F^ = (— Q/2m)d£ represents a axisymmetric 
test electromagnetic field that vanishes asymptotically, this new solution given in eq.(28) 
above would not change the asymptotic behavior of the Bicak and Janis solution at all. In 
Boyer-Lindquist coordinates, thus the solution we are after can be explicitly written down 



as 



A t 

A r = A BJ 
A e = A, 



Q_ 

2m 



A -a 2 sin 2 9 



r 1 
BJ 



(30) 



As = A BJ + 



Q_ 

2m 



a sin 2 9{r 2 + a 2 - A) 



for the gauge potential and 



„ „ ma , 9 r\ n . , Q 9 „x „ mar 

F rt = -5 — (r 2 - a 2 cos 2 9 1 - + cos 2 9) - B 1 —— sin 9 cos 6 x 



1 9t 



'St 



[{r 3 — 2mr 2 + ra 2 (l + sin 2 9) + 2ma 2 cos 2 9} cos ip — a{r 2 — Amr + a 2 (l + sin 2 9)} sin-0], 

„ 2mar . „ „, 9 9/ „ Q 
-B ^^s : m9cos9{r 2 - a 2 (l - -^-)} 



£ 2 
ma 



B n J' 



—Bi (r 2 cos 29 + a 2 cos 2 9) (a sin ^ — r cos ^) , 

b St > 



re 5 



— -F, 

= 5o^[rS 2 + ma 2 (r 2 - a 2 cos 2 0)(1 - -g- + cos 2 0)] 
2j Bo J 

sin # cos # 2 . 

— ±?! [(rA — ma ) cos ip — a(A + mr) sm^J + i?! 



(31) 



ma 2 r 



sin 3 cos # x 



A ' rj 'ffA 

[{r 3 - 2mr 2 + ra 2 (l + sin 2 ^) + 2ma 2 cos 2 9} cos*0 - a{r 2 - 4mr + a 2 (l + sin 2 9)} sin ■?/>], 

^ Sing. COS 9 2 + ^ 2 _ ^ 2 _ ^ cog2 + ^ _ + cog2 

+ 2a 2 r-^}-a 2 A£sin 2 #] 
B J 

+Bir sin 2 6*[(r — m) cos ^ — a sin ■?/>] 

r 2 + a 2 ) (r 2 — a 2 cos 2 #) — Sa 2 cos 2 0] (r cos ip — a sin *0) 



+5! 



m sin 2 , 



£ 2 
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for the Maxwell field strength and here tp has been defined in terms of the azimuthal angle 
coordinate as 

^ = + ln(!—^±). (32) 

ny ny ny ny 

This solution in the presence of the accretion charge Q on the Kerr hole reduces to the 
Bicak-Janis solution in the absence of the charge given in the Appendix B for Q = as 
it should. Then in order to calculate the flux of this magnetic field strength through the 
horizon of a Kerr hole, we, as usual, need the component evaluated on the horizon which 
is 

j? i d sin 9 cos 9 2 2 2 2 2 Q 

F e <p \r=r+ = A)7i— — 2 TW^( r + + a ) {r+ - a (1 - -=-:)} 

(r+ + a 2 cos 2 #) 2 S J 

+i?ir + sin 2 9{ (r + — m) cos — a sin 0} (33) 

m 1 n2g 2m2 {K + « 2 )K - 2a 2 cos 2 5) + a 4 sin 2 cos 2 9} 
(r 2 + a 2 cos 2 9) 2 

x (r + cos — a sin 0) 

where we used 

^( r+ ) = + ln C + ~ r+ ) = 0-oo = 0. (34) 

We now would like to compute the flux of magnetic field across a generally oriented one- 
half portion of Kerr hole's horizon, which shall henceforth be called, "generally located 
hemisphere" . Basically, our goal is the same as before and it is the evaluation of the magnetic 
flux across any 2-surface as given by eq.(19) with the invariant surface element of a Kerr 
hole's horizon da alS given in eqs.(17) and (18). However, since we now have to deal with 
the invariant magnetic flux across the generally located hemisphere, we need a more careful 
following analysis which is similar to the one encountered when determining principal axis of 
spinning rigid body in classical mechanics. Namely, as depicted in Fig.l, we set a coordinate 
system in which the hole's axis of rotation coincides with the ^-axis and the equatorial 
plane is represented by x — y plane. Besides, since we are considering the general case when 
the asymptotically uniform, stationary magnetic field is "oblique", i.e., not aligned with 
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the hole's rotation axis, we assume asymptotically and without any loss of generality that 
the field can be decomposed into the ^-component, B Q and the re-component, B 1 . Now, in 
order to characterize the position of the generally located hemisphere, we consider rotating 
the (x, y, z)-axes by an angle (3 around the z-axis and then next rotating the resulting 
(u/, y', z)-axes by an angle a around the y'-axis, to get (x', y', z')-axes with now the 
z'-axis representing a kind of "principal axis" for the generally located hemisphere. Then 
the series of coordinate transformations ; (x, y, z) — > (u/, y', z) — > (x', y', z') obviously 
involve two stages of S'0(3)-rotations and if we denote the spherical-polar angle coordinates 
for (x, y, z)-system and (x', y', z')-system by (9, 0) and (#', 0') respectively, they are 
related by equations 

sin 9' cos 4>' = sin 9 cos a cos(0 — (3) — cos 9 sin a, 
sin 9' sin 0' = sin 9 sin(0 — ($) , 

cos 9' = sin 9 sin a cos(0 — 0) + cos 9 cos a. (35) 

In the final "principal axes" coordinate system, the integration over the polar angle coordi- 
nate 9' should be done from to ir/2. Thus we need to determine the value of the original 
polar angle 9 that corresponds to 9' — ir/2. This can easily be achieved by plugging 9' = n/2 
in the last equation above which yields 

9 = 6(0; a, (3) = — + tcmT 1 [tan a cos (0 — (3)}. (36) 

Thus the integration over the generally located hemisphere in the new angle coordinates 
< 0' < 27r, < 9' < 7r/2 can be translated into that in the original angle coordinates as 

O<0<2tt, 0<#< 6(0; a, (3) (37) 

and hence finally the magnetic flux across a generally oriented one-half portion of Kerr hole's 
horizon reads 

r-2n fO(<f>; a, /3) 

$B = Jo d(t> Jo dQFd4> Ir=r+ ' (38) 
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Therefore, the magnetic flux across the "generally located hemisphere" on slightly-charged 
Kerr hole's horizon is given by 

r2iT f e(4>;a,f3) 



$ B = J # J ffl[F B4> {Bi = 0) | r=r+ +F B4> (B = 0) 



r=r+J 



= = 0) + $(5 = 0) (39) 

where as given earlier 

F^B X = 0) | r+ = B 2 S i n ?°1 m2 K + « 2 ) 2 K " Al ~ #y)}, 

(r+ + a 2 cos 2 6>) 2 So-/ 

sin 2 9 

F d <p(B = 0) | r+ = B l - 2-^K( r + + a 2 cos 2 6») 2 {(r + - m) cos0 - asin0} 

\ Q> cos U J 

+m{ (r 2 + a 2 ) (r 2 — 2a 2 cos 2 9) + a 4 sin 2 9 cos 2 #} (r+ cos — a sin 0)] . 

Just as the case we considered in the preceding section when the asymptotically uniform 
magnetic field is aligned with Kerr hole's rotation axis, the effect of adding the Kerr hole 
some charge small enough not to disturb its geometry or equivalently adding a particular 
solution represented by the Wald field F = (—Q/2m)d^ changes the value of $(-£>! = 0) 
above via the shift in F d( p(Bi = 0) | r+ as given. Since Fq^Bq = 0) | r+ and hence its 
contribution to the total flux $(_B = 0) remains unchanged upon adding the Wald field, 
the actual value of $(-B = 0) is precisely as given originally by Bicak and Janis [10]. Thus 
our task here simply reduces to the calculation of &(B 1 = 0), namely 

= 0) = B (rl + a 2 ) 2 {r 2 - a 2 (l - ^L)}I (40) 

with 

T f 2w f B jn sin#cos# 

Note, however, this contribution to the total flux across the generally located hemisphere is 
invariant under the rotation about the hole's spin axis (which is chosen to be the z-axis). 
Thus in order to go to the principal axis for the generally located hemisphere, one only 
needs to perform a single step of 5*0(3)- rotation (x, y, z) — > (x', y', z') which yields the 
relations between polar angles 
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sin 9' cos <$' = sin 9 cos a cos — cos 9 sin cc, 

sin sin 0' = sin 9 sin 0, (42) 
cos 9' = sin 9 sin a cos + cos 9 cos a. 

This, in turn, implies that the integration over the generally located hemisphere actually 
amounts to the ranges 

< < 2tt, 0<9< 0(0; a) (43) 

with 

6(0; a) = — h tan" 1 (tan a cos 0). (44) 
2 

Then the result of actual computation reads 

1 r 2 ^ . 1 



Io 



2r\{r\ + a?)Jo (1 + p\ tan 2 a cos 2 0) 

-^-^(l + ^WaJ-V. (45) 



and hence 



<&(fix = 0) = fiovrr 2 (1 + - £(1 - -£-)}(! + p\ tan 2 a)" 1 / 2 (46) 

where p+ = (1 + a 2 /r 2 ). Finally, putting this result of ours, $(i?i = 0) together with the 
contribution coming from the .Bx-component of the asymptotically uniform magnetic field, 
$(Z? = 0), we arrive at the total magnetic flux across the generally located hemisphere on 
slightly-charged Kerr hole's horizon 

$ B = = 0) + $(B = 0) (47) 

= B nr-l (1 + ^ ){1 " 4(1 " #y)}(l + Pi tan 2 a)" 1 / 2 

+ 2i?i r + {(r + — m) cos /3 — a sin + m(r+ cos (3 — asm f3)(2p + Ii — h — a 2 l<i) 

where 
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I l = -tarm(l + tan 2 a) 1/2 , 
2 

h = -p + tana(l + p+ tan 2 a)~ 1/2 , (48) 

J 2 = - T ^— {(1 + p 2 , tan 2 a) 1 / 2 - (1 + tan 2 a) 1 / 2 }. 
a 2 tan a 

Finally, some discussions on interesting observations are in order. 

(i) In the absence of the accretion charge, i.e., Q = 0, the total magnetic flux above correctly 
reduces to that obtained by Bicak and Janis as it should. 

(ii) For a — 0, namely over the hemisphere which is symmetrically located around the hole's 
rotation axis, we have 

$ B = Ifiolvrr 2 (1 + - _(1 - J^U] (49) 

namely, one recovers the result in eq.(25) for the case where the asymptotically uniform 
magnetic field is aligned with the hole's spin axis we studied earlier. Obviously this was 
expected since with this orientation of the hemisphere, the contribution to the total flux 
coming from the .Bi-component (which is perpendicular to the hole's spin axis) is zero. Here, 
the points worthy of note are essentially the same as before. First, with the nonvanishing 
accretion charge Q ^ 0, the total magnetic flux through the hole can never go to zero. In 
particular, when the hole is maximally-rotating, the total flux becomes <3>£ = 2ir\Q\ which 
is independent of m, J and B and depends only on the hole's charge. Lastly, when the 
accreted charge takes the particular value, \Q\ = 2\B \J, the total flux gets maximized and 
it is precisely the standard flux across a Schwarzschild black hole, = \B \4:7im 2 as pointed 
out earlier. 

(iii) For a = n/2, namely when the principal axis for the hemisphere is perpendicular to the 
hole's rotation axis, we have 

$b = -Bi7r[r 2 cos/?- (r+ + m)asm/3}. (50) 

The fact that the total flux depends only on the I?i-component is also expected since with 
this orientation of the hemisphere, the S -component contribution to the total flux is obvi- 
ously zero. Next, the angle (3 determines, asymptotically, the angle between the principal 
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axis for the hemisphere and the axis x which is along the £>i-component of the field. As 
such, the total flux gets maximum for f3 = when <3> B = B^r 2 ^ and gets minimum for 
P = Po, with tan/5o = [r\/a{r- + + m)], when <3>s = 0. For extreme Kerr hole, a = m = r + 
and hence tan/3 = 1/2 or p = 27°. Moreover, since we may assume — ir/2 < P < n/2, 
cos/9 is always positive and hence <f>£ = occurs only if asinp > 0. Thus if a > 0, then 
Po > and this confirms our intuition that the field lines are bent near the hole in the same 
direction in which the hole rotates since the rotating hole drags field lines along. 

(iv) Now in this case when the rotating hole takes small amount of accretion charge, one 
might wonder how come only the part of the magnetic flux = 0) coming from the 
.Bo-component of the field gets affected with the other part &(B = 0) coming from the 
-Bi-component of the field remaining unchanged. In fact, it has been anticipated from the 
way we constructed the solution to the Maxwell equations in the presence of some charge. 
Namely, notice that we employed the solution generating scheme by Wald in which the 
particular solution ( y —Q/2m)F^ = (—Q/2m)d^ has been superposed to another particular 
solution, i.e., the Bicak-Janis solution F BJ . And this solution, F = (—Q/2m)d£ represents 
axisymmetric electromagnetic test field aligned precisely with the hole's rotation axis. Be- 
sides, this particular solution vanishes asymptotically not affecting the asymptotic behavior 
of the Bicak-Janis solution. Therefore, only the i?o-component of the Bicak-Janis solution 
has been modified locally and thus the = 0) part of the magnetic flux gets affected as 
a consequence. 

(v) Lastly, we point out that in this generally oblique geometry case, the charge on the hole 
Q has been regarded as being arbitrary. Indeed, the application of Carter's injection energy 
argument to the determination of equilibrium charge Q = 2B J we discussed earlier was 
quite straightforward for the case when the field and the hole's spin are exactly aligned. And 
of course it can be attributed to the simple structure of the solution to the Maxwell equa- 
tions given in terms of the exterior derivatives of Killing fields as can be seen in eqs.(7) and 
(8). This kind of advantage, however, does not seem to be available in the present oblique 
geometry case as the solution given in eq.(30) or (31) no longer possesses such a previliged 
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structure. As a result, the determination of the equilibrium charge value is unlikely to be 
successful here although such equilibrium charge is still expected to exist in principle. 

VI. Concluding remarks 

In the present work, based on the solution-generating method given by Wald, it has 
been demonstrated in a transparent manner that in a more realistic situation when there 
are charges around (but small enough not to disturb the background vacuum geometry), 
the magnetic flux penetrating the horizon depends not only on the angular momentum but 
on the amount of charge accreted on the hole as well and can never vanish no matter how 
fast the hole spins. The points worthy of note can be summarized as follows. First we 
start with the case when the asymptotically uniform magnetic field and the hole's spin are 
precisely aligned with each other. Then by the argument given by Wald concerning the 
charge accretion process, the hole will gradually accretes the charge until it reaches the 
equilibrium value \Q\ = 2\B \J. Thus with the nonvanishing accretion charge having value 
in the range < \Q\ < 2\B \J, the total magnetic flux through the hole can never go to zero. 
In particular, when the hole is maximally-rotating, the total flux becomes = 2n\Q\ which 
is independent of m, J and B and depends only on the hole's charge. Lastly, when the 
accreted charge reaches its maximum value, \Q\ = 2\Bq\J, the total flux also gets maximized 
and it is precisely the standard flux across a Schwarzschild black hole, $ B = \B \4irm 2 as 
pointed out earlier. Next, the physical interpretation of this characteristic can be briefly 
stated as follows. When the spin of the hole and the asymtotically uniform magnetic field 
are parallel (antiparallel), the hole selectively accretes positive (negative) charges as we 
have discussed in the earlier section following the injection energy argument proposed by 
Carter and they, in turn, generates magnetic fields additive to the existing ones. Thus unlike 
the uncharged Kerr hole case, the magnetic flux through a slightly charged Kerr hole can 
never go zero. We have mainly considered the case with symmetric geometry in which the 
stationary, axisymmetric magnetic field is precisely aligned with Kerr hole's axis of rotation. 
It would, however, be of some interest to explore more general case when the asymptotically 
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uniform, stationary magnetic field happens to be "oblique", i.e., aligned at some angle to 
the hole's axis of rotation. Then of course the natural question to be addressed is to see how 
much of such fields actually can penetrate the horizon. Thus we also explored what would 
happen when the Kerr hole is again "slightly charged" along the same line of analysis as 
the one employed in the previous symmetric geometry case. In this oblique geometry case, 
however, although we could write down the solution to the Maxwell equations and evaluate 
the magnetic flux through the hole in a quite straightforward manner using basically the 
solution generating scheme by Wald, the determination of equilibrium charge value was not 
attempted due to technical barriers. This issue might be worth persuing and we hope we can 
come back to it in the future work. It is our belief that the result of this work, obtained in a 
more realistic situation when some amount of charges are around, eventually lends supports 
to the operational nature of the Blanford-Znajek mechanism and puts it on a firmer ground 
at least on the theoretical side. 
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Appendix A : The Carter tetrad 

Generally speaking, in order to represent a given background geometry, one needs to first 
choose a coordinate system in which the metric is to be given and next, in order to obtain 
physical components of a tensor (such as the electric and magnetic field values), one has 
to select a tetrad frame (in a given coordinate system) to which the tensor components are 
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to be projected. For the Kerr background spacetime, here we choose the Boyer-Lindquist 
coordinates which can be viewed as the generalization of Schwarzschild coordinates to the 
stationary, axisymmetric case. Turning to the choice of tetrad frame, there are largely 
two types of tetrad frames ; orthonormal tetrad and null tetrad. As is well-known, the 
orthonormal tetrad is a set of four mutually orthogonal unit vectors at each point in a given 
spacetime which give the directions of the four axes of locally- Minkowskian coordinate 
system 

ds 2 = g ilv dx iX dx v = r]ABe A e B 

= -(e ) 2 + (e 1 ) 2 + (e 2 ) 2 + (e 3 ) 2 (51) 

where e A = e A dx^. Namely, every physical observer with 4- velocity u 11 has associated 
with him an orthonormal frame in which the basis vectors are the (reciprocal of) or- 
thonormal tetrad = {e = u, e±, e 2 , e 3 }. And corresponding to this is a null tetrad 
Za = {I, n, m, rh} defined by 

e = ^(l + m), ei = -j=(l-m), (52) 

e 2 = —j=\vn + m) , e 2 = —j=-\m - m) 
v2 v 2i 

satisfying the orthogonality relation 

- l^ n ^ = 1 = m^m M (53) 

with all other contractions being zero and 

g v = -Fn u - nn v + m^m" + fhV . (54) 

Conversely, given a non-singular null tetrad, there is a corresponding physical observer. The 
tetrad vectors then can be used to obtain, from tensors in arbitrary coordinate system, their 
physical (i.e., finite and non-zero) components measured by an observer in this locally-flat 
tetrad frame. And the rules for calculating the physical components of a tensor, say, T^ u in 
the orthonormal frame and in the null frame are given respectively by 
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Tab = T^ A e v B ), T lm = T liV (Fm v ), etc. 



(55) 



where is the inverse of the tetrad vectors in that e^e^ = 5^ and e^e^ = 8^. As just 
stated, all that is required of the "correct" boundary conditions for electric and magnetic 
fields at the horizon is that the physical field's components in the neighborhood of an event 
horizon should have "nonspecial" values. Or put another way, a physically well-behaved 
observer at the horizon should see the fields as having finite and non-zero values. One 
such choice of well-behaved tetrad frame has been suggested long ago by Carter [8]. The 
construction of Carter's orthonormal tetrad starts from Kinnersley's null tetrad [12]. In 
Boyer-Lindquist coordinates x M = (t, r, 9, 0), its contravariant and covariant components are 



where, as before, £ = r 2 + a 2 cos 2 9 and A = r 2 + a 2 — 2Mr with M and a being the ADM 
mass and the angular momentum per unit mass of the hole respectively. This Kinnersley's 
null tetrad has been chosen so that Z M and lie along the two principal repeated null direc- 
tions of the Weyl tensor. Kinnersley's null tetrad has proved very useful for separating and 
solving the equations governing scalar, electromagnetic and gravitational perturbations of 
Kerr geometry [13]. However, the associated orthonormal tetrad suffers from two disadvan- 
tages. It is singular on the horizon and an observer at rest in it has non-zero radial velocity. 



given by 




(56) 



and 




(57) 
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This last point is caused by the asymmetric normalization of and n M , and means that 
the corresponding orthonormal tetrad is unnatural in that it frequently hides interesting 
features of the fields. For these reasons and others, one obtains another null tetrad and 
the associated orthonormal tetrad (Carter tetrad) by "null rotating" the Kinnersley's null 
tetrad. Thus at this point, it seems relevant to recall some of the basics of null rotation. 
Notice that the orthogonality relations for null tetrad given in eq.(53) remain invariant under 
the 6-parameter group of homogeneous Lorentz transformations at each point of spacetime. 
And this Lorentz group can be decomposed into 3-Abelian subgroups ; 

(I) I — > I, m — > m + al, n — > n + am + am + adl, 
(II) n — > n, m — > m + bn, I — > I + bm + bm + bbn, (58) 
(///) l^Al, n^A-\ m-^e ie m 

where a and b are complex numbers and A and 6 are real. Each of these group transfor- 
mations are called a "null rotation" [14] and here we particularly consider the null rotation 
(III). Under this null rotation (III), the corresponding orthonormal tetrad ca is boosted in 
the e\ = e? direction with 3- velocity (A 2 — 1)/(A 2 + 1) and spatially rotated about e 1 = 
through the angle 6. Indeed this action is precisely what we need. Namely, in order to get 
a null tetrad well-behaved at the horizon, we need to boost it by an amount that becomes 
suitably infinite on the horizon. Thus we perform the null rotation (III) on the Kinners- 
ley's null tetrad with A = (A/2S) 1 / 2 and e ie = S 1 / 2 /(r - iacos6) to obtain the following 
non-singular null tetrad on the horizon ; 



V(2EA)V2' v 2E / , (2EA) 1 /2 y /' 

n y = f (r 2 + a 2 ) _ ( A)V2 o « \ (59) 

l v (2EA) 1 /2' 4s J ' ' (2EA) 1 /2 y l' {oy) 



m M 



(iasinO, 0, 1, 



a/2£V2 V ' ' ' sin^ 

Then the associated orthonormal tetrad is 



/ (r 2 + a 2 ^ 



60 l(EA)V2' °' °' (EA)V2)' 
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(60) 



and its dual is given by Carter as 



((|) 1/2 , 0, 0, _(|)VW6>), 
(o, (|) 1/2 , 0, o), 



(61) 



(o, o, s 1/2 , o) 



(-asind (r 2 + a 2 ) . \ 



Now, in order to have some insight into the nature of this Carter's orthonormal tetrad in 
Boyer-Lindquist coordinates, we first rewrite the metric of Kerr geometry as implied by this 
Carter's dual tetrad ; 



Then one can immediately realize that an observer at rest in this Carter frame travels 
around the hole at (r =const., 9 =const.) with the angular velocity, Q c = a/(r 2 + a 2 ) which 
is independent of 9. Certainly, this is in contrast to what happens in ZAMO (or LNRF) 
tetrad frame in which case a ZAMO observer travels around the hole with the same angular 
velocity as that of the hole, f2 = a[(r 2 + a 2 ) — A]/[(r 2 + a 2 ) 2 — Aa 2 sin 2 9} which has depen- 
dence on the polar angle 9. Indeed, the physical significance of the Carter tetrad frame is 
that observers at rest in it see principal null congruence photons moving with purely radial 
velocities. This leads one to suppose that Maxwell equations and their solutions should take 
relatively simple forms in this Carter tetrad frame as first pointed out by Znajek [16] and it 
is indeed the case. 



ds 2 = r] AB e A e B 



(62) 
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Appendix B : The Bicak-Janis solution 

Here, we provide the electromagnetic field which is generated when a Kerr black hole is 
placed in an originally uniform magnetic field with its direction not coinciding with the 
rotation axis of the hole. This solution has been given by Bicak and Janis [10]. As is 
well-known, in Newman- Penrose formalism [14], the three independent complex null tetrad 
components of the Maxwell field strength tensor are given by 

0o = F^m\ 

^ = ^(IV + mV), (63) 

The explicit form of 0o, 0i and 02 as a solution of Maxwell equations is given in the earlier 
work of Bicak and Dvorak [15] and it contains parameters B£, Bq and Bq denoting the 
components of the oblique magnetic field in asymptotically Minkowskian coordinates x = 
rsin#cos0, y = r sin 6* sin 0, z = rcosO. Without any loss of generality, however, one can 
put B\ = and denote by B£ = Bi, the field component perpendicular to the rotation 
axis and by Bq = B , the field component aligned along the rotation axis. Now given the 
solutions 0o, 0i, 02, we would like to have the expression in terms of Maxwell field strength 
F^ u , say, in Boyer-Lindquist coordinates. This can be achieved first by inverting the above 
expression 

= 2(0i + <pi)n^l u ] + 2(0i - 4>i)m[f,m u ] (64) 
+ 2(f) 2 l[ lx m l/ ] + 24> 2 l[ l irh 1/ ] + 2<f> Q rhyn v ] + 2<p m^n v ] 

and evaluating this with the standard Kinnersley's null tetrad (i.e., the covariant compo- 
nents) given earlier in Appendix A. The result is 

F rt = -B — (r 2 - a 2 cos 2 6)(l + cos 2 6) - B 1 ——s\n9cos9 x 

[{r 3 - 2mr 2 + ra 2 (l + sin 2 9) + 2ma 2 cos 2 9} cos-0 - a{r 2 - Amr + a 2 (l + sin 2 9)} sin-0], 
F 6t = -B ^sin9cos9(r 2 -a 2 ) 
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—Bi — - (r 2 cos 20 + a 2 cos 2 0) (a sin if; — r cos ip) , 

771 (X 

= — B i~— sin 9 cos 9 (r sin i/j + a cos ■?/>), 

Zj 

F t q = — Bi — [ A (r sin ip + a cos ■0) 

+a{ (mr — a 2 sin 2 0) cos ip — a(r sin 2 9 + m cos 2 0) sin ■?/>}] , (65) 

F r(j> = B r sin 2 9 

sin 6 1 cos r . 2 , , . \ . ,i ■ 2/17-, 

— ±?i — [(rA — ma ) cosip — a(A + mr) sm^J — a sin 0.r r t, 



Fqs = B A sin cos 



(r 2 + a 2 ) 



+£>i[(r sin + mr cos 20) cos ip — a(r sin + mcos 9) simp] — 

u 

for the Maxwell field strength tensor and 

CI TYMX 

A t = B — [— E + mr(l + cos 2 0)] + Si—- sin ^ cos ^(r cos ^ — asin^), 

A r = — 5i(r — m) sin0cos0sin-?/>, (66) 

A# = — -Bi[a(r sin 2 9 + m cos 2 0) cos-?/; + (r 2 cos 2 — mr cos 20 + a 2 cos 20) sin ■?/>], 
sin 2 9 

= £ ^___[E(r 2 + a 2 ) - 2a 2 mr(l + cos 2 9)} 

sin0cos0_ , 2 , , 

—Si — [LA cos ip + m(r + a ) (r cos ^ — a sin ^) J 

Zj 

for the corresponding gauge potential. To summarize, this is the solution in the absence of 
the charge on the hole which is to be compared with the solution given in the text in the 
presence of the accretion charge on the Kerr black hole Q. 
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Figure Caption 



Fig.l. A generally located hemisphere on some part of the rotating hole's horizon across 
which the magnetic flux of an asymptotically uniform magnetic field is to be evaluated. Two 
angles (a, (3) completely specify the location of the hemisphere and the hole rotates around 
the z-axis. Asymptotically, the magnetic field is decomposed into two components ; B , 
along the z-axis, the hole's axis of rotation and B±, along the x-axis which is perpendicular 
to the hole's rotation axis. 
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